We study gravitationally bound, spherically symmetric equilibrium configurations consisting of ordinary (neutron-star) matter and of a phantom/ghost scalar field which provides the nontrivial topology in the system. For such mixed configurations, we show the existence of static, regular, asymptotically flat general relativistic solutions. Based on the energy approach, we discuss the stability as a function of the core density of the neutron matter for various sizes of the wormhole throat.
I. INTRODUCTION
The discovery of the accelerated expansion of the present Universe at the end of the 1990s started a new era in our understanding of the Universe. It became clear that besides visible and dark matter which are gravitationally clustered in galaxies and galaxy clusters there should exist, in addition, a fundamentally different form of energy in the Universe -dark energy, accounting for about three quarters of the energy content of the Universe. This dark energy is not gravitationally clustered, but distributed rather uniformly in space. Since it has a high negative pressure, which is rather unusual from the point of view of ordinary matter, it can provide for the current acceleration of the Universe.
The key property of dark energy lies in its ability to violate various energy conditions. Of greatest interest for cosmology are the following energy conditions: (i) the strong energy condition, (ε + 3p) ≥ 0; (ii) the weak/null energy condition (ε + p) ≥ 0 (where ε and p are the effective energy density and the pressure of the matter fields filling the Universe). To provide for the accelerated expansion, it is sufficient to violate the strong energy condition. In turn, the failure to satisfy the weak energy condition results in an accelerated expansion of the Universe that is even faster than exponential.
If some form of matter violating these energy conditions does indeed exist in the present Universe, then it may serve not only as a mechanism for providing the current acceleration. It may as well be present in compact astrophysical objects. Indeed, despite the fact that in describing the evolution of the Universe it is assumed that dark energy is homogeneously distributed in the Universe, it is possible to imagine a situation where inhomogeneities may arise due to gravitational instabilities. This could lead to a collapse of lumps of dark energy with the subsequent creation of compact configurations -so-called dark energy stars [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
For dark energy stars, typically at least the strong energy condition is violated. At the present time, investigations of dark energy stars are done in two main directions: (i) the construction of stationary configurations to demonstrate the existence of such objects and their potential stability [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ; (ii) the study of the possible formation process of such compact objects during gravitational collapse [12] [13] [14] [15] [16] .
Although the true nature of dark energy is currently unknown, several ways have been suggested to model it. The simplest variant seems to be the assumption that dark energy is nothing else than Einstein's cosmological constant Λ, which arises as the energy density of the vacuum. However, the well-known "cosmological constant problem" has led to the consideration of models where the dark energy evolves in time. Perhaps one of the most developed directions here are theories with various types of scalar fields.
Scalar fields arise naturally in particle physics including string theory. Using them, a wide variety of scalar-field dark energy models have been proposed (for a review, see, e.g., [17, 18] ). One of the tools developed for modeling dark energy are the so-called phantom/ghost fields. Their important property is that they violate the weak/null energy conditions. Based on such fields, in Ref. [19] a simple cosmological model was suggested, where the phantom dark energy is provided by a ghost scalar field with a negative kinetic term (for the further development of such models, see the review [18] ).
In view of such highly unusual properties of matter for which the weak/null energy conditions are violated, localized objects containing such matter should differ strongly from ordinary stars as well. A striking example of the effects of the presence of such exotic matter is the possibility to allow for traversable wormholes -compact configurations with a nontrivial space-time topology. The term "wormhole" has appeared in the middle of the 1950s in the work of Wheeler [20] , who suggested the geometrical model of electric charge in the form of a tunnel connecting two space-time regions and filled by an electric field. The Wheeler wormhole was not traversable. But, this idea has stimulated a great deal of interest in studying models with a nontrivial space-time topology. One of the most significant achievements in this direction is the model of a traversable wormhole suggested in 1988 by Morris and Thorne [21] as a toy model allowing for interstellar travel. Moreover, since recent observational data indicates that matter violating the weak/null energy conditions may indeed exist in the present Universe [22] , traversable wormholes have received increasing attention ever since as objects which could really exist in nature.
Providing a nontrivial topology, massless ghost scalar fields were employed in the early pioneering work of Refs. [23, 24] (see also earlier work by Bergmann and Leipnik [25] , where they found a solution for a massless ghost scalar field, but not dealing with the question of the wormhole interpretation of the solution obtained). Further examples of configurations with nontrivial topology were found in [26, 27] , based on a ghost scalar field with a Mexican hat potential. Interestingly, it was found that this system has only regular, stable solutions for a topologically nontrivial (wormhole-like) geometry. In [28] [29] [30] [31] [32] [33] traversable Lorentzian wormholes were further investigated, refining the conditions on the type of matter fields that would lead to such space-times. A general overview on the subject of Lorentzian wormholes and violations of the various energy conditions can be found in the book of Visser [34] .
A recent development concerning such wormhole models is based on the expectation, that such topologically nontrivial objects, being traversable, could be bound to ordinary matter satisfying all energy conditions. In [35] , we have suggested such a model of a mixed configuration, consisting of a wormhole (supported by a massless ghost scalar field) filled by a perfect polytropic fluid. We have shown that there exist static, regular solutions describing mixed star-plus-wormhole configurations which possess new physical properties that distinguish them from ordinary stars. A preliminary stability analysis performed only for the external region of the configuration suggested that those solutions could be stable with respect to linear perturbations.
The objective of the present paper is to continue the study of the influence of a wormhole on the structure and the physical properties of compact stars made otherwise from ordinary matter. To provide a nontrivial topology in this model, we here employ a massless ghost scalar field as one of the simplest possibilities allowing for a nontrivial topology. For the ordinary matter filling the wormhole, we choose neutron matter modeled within the polytropic approximation [in the form of Eq. (13) ].
The paper is organized as follows: In Sec. II, the general set of equations is derived, describing equilibrium configurations consisting of a massless ghost scalar field and ordinary matter approximated by a polytropic equation of state. Here, the boundary conditions are also discussed. In Sec. III, we discuss the physical properties of the solutions, the radii, the masses, the binding energies and the pressures. We then present the numerically obtained static solutions for two sets of polytropic parameters and consider the issue of their stability within the energy approach. Finally, in Sec. IV we summarize the results obtained and address possible observable effects which may follow from the model considered.
II. DERIVATION OF THE EQUATIONS FOR EQUILIBRIUM CONFIGURATIONS

A. Lagrangian and general set of equations
We consider a model of a gravitating massless ghost scalar field in the presence of a perfect fluid. Our starting point is the Lagrangian
Here, ϕ is the ghost scalar field, L m is the Lagrangian of the perfect isotropic fluid (where isotropic means that the radial and the tangential pressure of the fluid agree) which has the form L m = p [36, 37] . This Lagrangian leads to the corresponding energy-momentum tensor
where ε and p are the energy density and the pressure of the fluid, u i is the four-velocity. For our purposes, it is convenient to choose the static metric in the form
where ν and λ are functions of the radial coordinate r only, and dΩ 2 is the metric on the unit 2-sphere. Also, let us present the metric in Schwarzschild-type coordinates which are frequently used in modeling wormholes
This parametrization of the metric is employed later on to derive the boundary conditions at the wormhole throat at the core of the configuration. The ( 
where a "prime" denotes differentiation with respect to r. The field equation for the scalar field is obtained by varying the Lagrangian (1) with respect to ϕ,
Using the metric (3), this equation is integrated to give
where D is an integration constant. Not all of the Einstein field equations are independent because of the law of conservation of energy and momentum T 
The remaining two Einstein equations are then satisfied as a consequence of the Eqs. (5), (6) , and (9). Thus, we have five unknown functions: ν, λ, ϕ, ε, and p. Keeping in mind that ε and p are related by an equation of state, there are only four unknown functions. For these functions, there are four equations: the two Einstein equations (5) and (6), the scalar-field equation (8) , and the equation of hydrostatic equilibrium (9) . Using the energy-momentum tensor (2), the right-hand sides of the Eqs. (5) and (6) take the form
Then, taking into account the expressions for components of the energy-momentum tensor (2)
and using (8), we obtain from (9) the following equation for hydrostatic equilibrium,
To model the neutron matter filling the wormhole, it is necessary to choose an appropriate equation of state. The choice of the equation of state plays a crucial role in modeling the neutron-star structure. A large number of neutron matter equations of state have been suggested, providing different sets of densities and pressures for the neutron stars. These include a parametric dependence as in the pioneering work of Oppenheimer and Volkoff [38] , a polynomial dependence as in [39] , an equation of state obtained from field theoretical considerations as in [40] , or a unified equation of state (see, e.g., Ref. [41] where the analytical representations of unified equations of state of neutron-star matter are given).
Here, we employ a simplified variant for the equation of state, where a more or less realistic neutron matter equation of state is approximated in the form of a polytropic equation of state. In particular, we employ the following parametric relation between the pressure and the energy density of the fluid,
where n b is the baryon number density, n
is some characteristic value of n b , m b is the baryon mass, and k and γ are parameters whose values depend on the properties of the neutron matter.
For our purpose it is convenient to rewrite the above equation of state in the form
with the constant K = kc 2 (n (i) k = 0.0195 and γ = 2.34 [42] , adjusted to fit the equation of state II of Ref. [40] ; we denote this choice by EOS1 in this paper.
(ii) k = 0.1 and γ = 2 [43] , corresponding to a gas of baryons interacting via a vector meson field, as described by Zel'dovich [44, 45] (see also Ref. [46] where relativistic configurations with such an equation of state were considered); we denote this choice by EOS2 in this paper.
Introducing the new variable θ [45]
where ρ bc is the density of the neutron fluid at the wormhole throat (or the center of the star in the case without a wormhole) we may rewrite the pressure and the energy density, Eq. (13), in the form
Making use of this expression, we obtain for the internal region with θ = 0 from Eq. (12) 2σ(n + 1)
is a constant, related to the pressure p c of the fluid at the wormhole throat (or at the center of the star in the case without a wormhole). This equation may be integrated to give in the internal region with θ = 0 the metric function e ν in terms of θ,
and e νc is the value of e ν at the throat where θ = 1. The integration constant ν c is fixed by requiring that the space-time is asymptotically flat, i.e., e ν = 1 at infinity.
C. Internal set of equations
We first consider the set of equations in the internal region, where θ = 0. Here, the system is characterized by three unknown functions: λ, θ and ϕ. These three functions are determined by the three Eqs. (5), (6) , and (8), and also by the relation (17) . It is convenient to rewrite these equations by introducing the new function M (r),
The function M (r) can be interpreted as the total mass within the areal radius r. Thus, for r = r b , where r b denotes the outer boundary of the fluid where θ = 0 (for more details on this, see Sec. III), we obtain the total mass of the configuration within the boundary of the star of radius r b . The limit r → ∞ then yields the total mass of the configuration.
With this function M (r), Eq. (5) yields
For the spherically symmetric case without a wormhole (corresponding in our case to the absence of the scalar field), we need to require the boundary condition M (0) = 0 in order to guarantee regularity at the origin [47] . This corresponds to the fact that there is no mass associated with the origin, r = 0. For a wormhole, on the other hand, there exists a finite minimal value of the radius, the throat r = r 0 , and this is associated with a finite value of the mass function at the throat, M (r 0 ) = 0. Now, we introduce dimensionless variables
where A has the dimension of inverse length, and rewrite Eqs. (19) and (6) in the form
where we have used expression (8) and introduced the dimensionless constant
Thus, the internal part (r ≤ r b ) of the static configurations under consideration is described by the Eqs. (21) and (22) together with the scalar-field equation
D. External set of equations
Let us next turn to the external part (r ≥ r b ) of the solutions outside the fluid. Asymptotic flatness of the external solutions requires that the metric function e ν tends to one at infinity. This in turn determines the value of the integration constant ν c at the throat.
To find the external solutions, we start again from the Einstein equations (5) and (6), and the scalar-field equation (8), taking into account that in the external region there is no ordinary matter, i.e., ε = p = 0. This leads to the following system of equations,
−e
These can be rewritten in terms of the dimensionless variables v(ξ), φ(ξ) and ν(ξ) as follows,
This system still contains the parameter σ as a trace of the influence of the fluid on the external solution due to the definition of the dimensionless quantities (20) .
E. Expansion at the throat
Finally, we need to consider the appropriate boundary conditions at the wormhole throat corresponding to the core of the configurations [35] .
Let us here briefly comment on the nomenclature used. In contrast to the case of ordinary stars having a center at the point r = 0, there exists a finite minimal value of the radial coordinate r = r 0 corresponding to the radius of the throat in the case of the star-plus-wormhole systems considered here. Moreover, because of the presence of ordinary matter, the configurations differ also from simple wormholes. To take this into account, we employ the term "core" to describe the "throat" area of such star-plus-wormhole systems.
In terms of the dimensionless variables introduced above, ξ = ξ 0 denotes the coordinate at the core of the configuration. Here, the dimensionless density of the fluid is characterized by
This condition corresponds to the fact that at the wormhole throat the density of the fluid is ρ bc . In order to determine the initial value of the function v, we consider that the metric (4) satisfies the condition (1 − b(r)/r) ≥ 0 throughout the space-time [21, 34] . This implies b(r 0 ) = r 0 , b ′ (r 0 ) < 1, and b(r) < r for r > r 0 .
Comparing the form of the metric (4) with the form of the metric (3) used for the derivation of the Eqs. (21) and (22) , and taking into account expression (18) , together with the dimensionless variables (20), we find
where we have introduced the dimensionless function B(ξ) ≡ Ab. From this expression, taking into account the relation B(ξ 0 )/ξ 0 = 1 from (31), we obtain the boundary condition for the function v at the throat
This boundary condition implies that, as ξ → ξ 0 , the following expression vanishes,
This in turn means that the coefficient in front of the derivative of the function θ in Eq. (22) goes to zero, which leads to a singularity in a generic solution.
To obtain solutions, which are regular at the throat we consider a Taylor series expansion of the functions v and θ in the neighborhood of the point ξ = ξ 0 . At a point ξ = ξ 1 close to the throat the expansion for v reads to first order
Substituting this into Eq. (21), we obtain for v 1 the following expression,
Substituting this into (36), we finally obtain
The Taylor series expansion for the function θ at at the point ξ = ξ 1 reads to first order
where we obtain for the coefficient θ 1 ,
Nonsymmetric wormholes (with respect to the two asymptotically flat space-times) could also be obtained, but these would satisfy a different set of boundary conditions. Thus, a static equilibrium solution is obtained as follows: We start the numerical integration at the point ξ = ξ 1 , solving numerically the system of equations (21) and (22) subject to the boundary conditions (35) with (33) and (38) for v, and (39) with (40) for θ. We then proceed with the integration until we reach the point ξ = ξ b , where the function θ becomes zero [35] . Here, the energy density associated with the fluid vanishes. The surface bounded by the radius ξ = ξ b represents the boundary of the neutron matter. Note, that the energy density associated with the scalar field is, in general, still finite at this boundary. Now, the external part of the solution is sought, starting from the surface of the fluid at ξ = ξ b with the boundary conditions v(ξ b ) and ν(ξ b ) as determined from the internal part of the solution. Requiring asymptotical flatness of the space-time finally allows to determine the value of the integration constant ν c from (17) by requiring e ν to be equal to unity at infinity. (The values of ν c for the examples shown in Fig. 1 are given in the caption.) Thus, the complete solution for the configuration under consideration is derived by matching of the internal fluid solutions given by Eqs. (21)- (23) with the external solutions obtained from the system (27)- (29) .
III. STATIC SOLUTIONS
In this section, we discuss the numerical solutions of the above sets of internal and external equations and their physical properties.
A. Radii
The radial coordinate r describes the areal radius of a sphere with area 4πr
2 . The throat radius corresponds to the areal radius r 0 , and the neutron matter of the star is contained within the areal radius r b (denoted R in the tables). The gravitational radius of the system corresponds to the areal radius r g = 2GM/c 2 , where M is the total mass. In dimensionless coordinates, the areal radius is given in terms of the coordinate ξ. Thus, ξ 0 denotes the throat radius and ξ b the radius of the neutron fluid.
Another physically relevant radial coordinate is given by the coordinateξ associated with the proper radius, which gives the distance from the throat. It is defined as follows,
or, taking into account Eqs. (18) and (20),
Then, the proper radius of the fluid R prop is obtained in dimensional variables as R prop =ξ b /A.
B. Mass contributions
The system under consideration consists of two parts: the internal region r 0 ≤ r ≤ r b and the external region r b ≤ r ≤ ∞. Correspondingly, the energy density of the system is given by the internal energy density, ε int obtained from the expressions (10), (13) , (14) , (17) , and (20)
and the external energy density, ε ext ,
The total energy density of the configuration is
As discussed above, the effective mass M (r) inside a surface with radius r is given by [21, 34] 
where the integration constant is determined by b(r 0 ) = r 0 , Eq. (31). Employing dimensionless variables (20) and B(ξ) [see Eq. (32)] we obtain the dimensionless effective mass M(ξ),
with M (r) = M * M(ξ), where the quantity 
with the mass at the throat
the mass of the fluid
the internal part of the mass of the scalar field
and the external part of the mass of the scalar field
C. Binding energy
We start from the total energy E of the system given by
In order to derive a physically motivated expression for the binding energy of the system, let us consider the relativistic continuity equation
with the baryon number density of the neutron fluid n b and the four-velocity u µ . It follows that the neutron particle number N is given by
with u 0 = e −ν/2 , and the factor √ −g enters because the natural volume element on the spacelike hypersurfaces is needed [48, 49] . The associated energy of N free neutrons is given by
For a simple neutron star without a wormhole, the binding energy (B.E.) is defined as the difference of the energy of N free particles E f b , Eq. (50), and the total energy E, Eq. (47) B.
as discussed, e.g., in Ref. [45] . An analogous definition holds for a boson star composed of N massive bosons. Indeed, in order to disperse the particles to infinity, one has to supply precisely this amount of energy to the system. For the combined star-plus-wormhole system, on the other hand, we still have to consider how to deal with the massless ghost scalar field that supports the wormhole. Thus, let us first address an isolated wormhole made from a massless ghost scalar field without any neutron matter. With the above set of boundary conditions, such a wormhole has zero energy (respectively, zero mass) [34] . This agrees with the energy of flat space in the absence of a wormhole.
Let us therefore consider the binding energy of the star-plus-wormhole system as the difference between the following contributions: The energy of N free particles dispersed to infinity with a (therefore) vanishing ghost scalar field and the energy of the combined star-plus-wormhole system. Alternatively, we could consider the difference between the energy of N free particles dispersed to infinity together with the energy of an isolated wormhole and the energy of the combined star-plus-wormhole system. Both cases yield the same result, namely the above expression (51), obtained without a wormhole.
D. Pressure
In the presence of a scalar field, the effective pressure becomes anisotropic (see, e.g., [50] and references therein). Indeed, as follows from Eq. (2), the radial pressure p r = −T of the system. This allows to introduce the fractional anisotropy f a,
For the star-plus-wormhole system, the fractional anisotropy is given by
Thus, at the core ξ 0 of the configurations the fractional anisotropy is f a(ξ 0 ) = 2 2σ 2 (n + 1)ξ 2 0 + 1 . Beyond the surface of the fluid, i.e., when ξ ≥ ξ b , the fractional anisotropy is always equal to two. The above expression also implies that the numerator never vanishes for ξ > ξ 0 . The denominator, however, might tend to zero at certain values of the radius. This would give rise to a tremendous growth of the fractional anisotropy in the vicinity of these radii.
A related interesting consequence is the fact that the pressure of the neutron fluid and the total internal pressure of the system (which includes the pressure contributions from the fluid and the scalar field) differ. Indeed, for the TABLE I: Characteristics of a set of configurations for EOS1 for several values of the dimensionless throat radius ξ0. The radius of the throat R th , the areal radius of the fluid R, the proper radius of the fluid Rprop and the gravitational radius rg (last column) are given in kilometers. The total mass M , the mass at the throat M th , the mass of the fluid M fl , the internal part of the mass of the scalar field M sfint , and the external part of the mass of the scalar field M sfext are given in solar mass units. The metric functions gtt = e ν , grr = −e λ , and the total energy density εt from (42) and (43) neutron fluid the pressure p is given by Eq. (15). In turn, from Eqs. (8), (15) , (17) , and (20) in (11), one finds for the radial internal pressure of the system
Taking into account Eqs. (33) and (37), the ratio of the total radial internal pressure (53) and the fluid pressure (15) at the core of the configuration is given by
In principle, for large values of ξ 0 and σ the absolute value of this ratio can be small. However, for the configurations of most interest to us, i.e., for the potentially stable configurations, σ is less than one. Then, Eq. (52) shows that the absolute value of this ratio is typically considerably greater than one when considering also configurations with ξ 0 less than one. Obviously, the difference in these pressures arises because of the presence of the ghost scalar field.
E. Numerical results
Examples of numerical solutions of the sets of equations subject to the appropriate sets of boundary conditions are presented in Fig. 1 . In particular, we exhibit the metric functions g tt = e ν and g rr = −e λ and the distribution of the total energy density ε t of the system consisting of the scalar-field energy density and the fluid energy density. For the graphs, we have determined e ν from Eq. (17), and e λ follows from Eq. (18) together with (20) (Note, that this expression diverges at ξ = ξ 0 , as discussed in connection with the boundary conditions.) The total energy density ε t is determined according to Eq. (44), and consists of the internal energy density (42) and the external energy density (43) . As seen from Fig. 1 , at the boundary ξ = ξ b of the fluid the total energy density is almost vanishing, since the scalar-field "tail" beyond ξ b gives only a very small contribution to the total energy density.
We exhibit a number of characteristic properties of the star-plus-wormhole systems in Tables I and II for the two equations of state EOS1 and EOS2, respectively. Choosing ξ 0 = 0, we start in each case with a sequence of ordinary neutron stars for later reference. We then consider sequences of star-plus-wormhole systems for several fixed finite values of ξ 0 . Each sequence of configurations is obtained by increasing the core density of the fluid ρ bc in a physically relevant range of values.
The tables then exhibit for each configuration the areal radius of the throat R th , the areal radius of the fluid R, the proper radius of the fluid R prop and the gravitational radius of the system r g , all in units of kilometers. In addition, the total mass M , and the mass contributions M th , M fl , M sfint and M sfext are presented in the Tables, employing  solar The dependence of the total mass (in solar mass units) on the core density ρ bc (in grams per cubic centimeter) is shown in Figs. 2(a) and 3(a) for the two equations of state, respectively, and several values of the core radius ξ 0 . The corresponding values of the binding energy Eq. (51) are shown in Figs. 2(b) and 3(b) . In these figures, the curves labelled by "wo WH" correspond to the configurations without a wormhole (and correspondingly without a scalar field), representing ordinary neutron stars modeled by the equation of state (13) .
We note that as a function of the core density ρ bc , the total mass M of the configurations rises monotonically to a maximum and then decreases again. This is typical for this type of configurations. In Tooper's paper [46] , for instance, ordinary neutron stars were investigated in detail for various values of the polytropic index n. In particular, it was shown that the first peak in the mass corresponds to the point dividing stable and unstable neutron-star configurations. This first mass peak is reached at a critical value of the core density, ρ (cr) bc . For the equations of state EOS1 and EOS2 used here, the values of n are n ≈ 0.75 and n = 1, respectively. Here, the typical behavior of the mass function of the case without a wormhole persists in the presence of the wormhole. Thus, while the first mass peak persists, the inclusion of a wormhole leads to a decrease of the height of the mass peak with increasing wormhole throat. This decrease is stronger for EOS1 than for EOS2.
A necessary, but not sufficient, condition for the stability of the configurations is the positivity of the binding energy. Configurations with a negative binding energy are unstable against dispersal of the matter to infinity. In the case without a wormhole considered in [46] , the binding energy always has a positive first peak for n 3. Moreover, it remains always positive to the left of the peak, and becomes negative to the right of the peak at some large value of ρ bc . Configurations to the left of the first peak are stable, while configurations to the right are unstable, because it is energetically favorable for them to make a transition to a state with the same particle number N , but with a smaller central density ρ bc .
For the star-plus-wormhole systems, we expect an analogous behaviour concerning their stability. To the left of the peak, the solutions should be energetically stable, while to the right of the peak instability would set in. This conclusion is supported by a stability analysis via catastrophe theory, as often applied to boson stars (see, e.g., [51] [52] [53] ). Here, one selects an appropriate set of behavior variable(s) and control parameter(s). In our case, we could choose the size of the wormhole throat ξ 0 and the mass M as two control parameters, and the core density ρ bc as a behavior variable. According to catastrophe theory, the stability with respect to local perturbations then changes only at turning points, where, in this case, ∂M /∂ρ bc = 0 for fixed ξ 0 . Thus, stability should change at the maximum of the mass. However, a conclusive answer on the question of stability should be obtained from a detailed stability mode analysis of the star-plus-wormhole systems.
IV. CONCLUSIONS
In this work, we have continued the investigations of star-plus-wormhole configurations suggested in [35] . These objects have a nontrivial wormhole-like topology with a tunnel filled by ordinary matter. For obtaining the nontrivial topology, we have used one of the simplest forms of matter violating the weak/null energy conditions -a massless ghost scalar field. The matter filling the wormhole has been taken in the form of neutron matter approximated by an equation of state of the form (13) .
Since the resulting star-plus-wormhole configurations possess properties both of wormholes and of ordinary stars, our goal has been to clarify the influence of the presence of a ghost scalar field on the physical characteristics of such well-studied configurations as neutron stars. Our main emphasis has been (i) the study of the dependence of the mass of the mixed star-plus-wormhole configurations on the core density and on the size of the wormhole throat; (ii) the study of the binding energy and the pressure of the mixed star-plus-wormhole configurations.
Our results can be summarized as follows:
(1) For two polytropic equations of state denoted by EOS1 and EOS2 [see Eq. (13) below], sequences of static, regular solutions describing neutron-star-plus-wormhole systems have been constructed numerically, by solving the coupled Einstein-matter equations subject to appropriate boundary conditions. Examples of such solutions are shown in Fig. 1 .
(2) For the above equations of state, the physical properties of the configurations are characterized by two parameters -the core density of the fluid and the dimensionless throat radius. We have evaluated the total mass of the respective configurations, and also the mass contributions of the individual components the system consists of. Examples of their values are given in Tables I and II . Likewise, the tables exhibit the values of various physically relevant radii of these configurations.
(3) As a function of the core density of the fluid, the total mass of the star-plus-wormhole configurations rises monotonically to a maximum and then decreases again, as is typical also for ordinary neutron stars. Since neutron stars located to the left of the maximum are stable, we have conjectured that the same may hold for the star-plus-wormhole configurations constructed here.
(4) In the region where stability may be possible, the masses of configurations with a wormhole are always less than the masses of ordinary neutron stars without a scalar field. Correspondingly, the maximum values for the mass of star-plus-wormhole configurations are always less than for configurations without a wormhole present, as seen in Figs. 2 and 3 .
The differences found between the characteristic properties of neutron matter configurations with and without a ghost scalar field, of course, are not the only ones that are possible. Further examples may include the following phenomena:
(i) The presence of an intrauniverse wormhole may lead to the fact that a distant observer will see two stars associated with the two mouths of the wormhole, having the same or very similar characteristics. (ii) Since the neutron matter can, in principle, move freely through the tunnel, this may lead to oscillations of matter relative to the core of the configuration. As a result, at various moments of time there will be different quantities of matter near the two mouths of the wormhole. From the point of view of a distant observer, this will look like periodical changes in the mass of the stars and fluctuations of their luminosity. (iii) The neutron-star-plus-wormhole configurations considered here might possibly possess favorable conditions to convert neutron matter into quark (or strange) matter, conjectured to be present in quark stars [54] [55] [56] [57] . The quark matter would not be able to decay into another more energetically favorable state, since it is assumed to possess the highest binding energy possible. In this case, it might be possible that the final stage of evolution of such configurations will be quark star-plus-wormhole configurations. Such systems should have a number of distinctions as compared to neutron-star-plus-wormhole configurations [57] . (iv) A further possible observationally interesting effect of the presence of dark energy in mixed neutron-dark-energy configurations consists in possible changes in the gravitational wave spectrum as considered in Ref. [11] . The investigations performed there for configurations with a trivial topology can be also done for systems with a nontrivial topology as the ones studied here. The consideration of these and similar issues will be the object of further studies.
Let us finally come back to the question of stability of the star-plus-wormhole systems. It is well known, that an isolated wormhole with a massless ghost scalar field is unstable [58] [59] [60] [61] . When filling such a wormhole with neutron matter, a stable configuration may possibly result. However, if a careful mode analysis will reveal that the instability persists, one may turn to other, stable types of wormholes when considering star-plus-wormhole systems. Possible candidates for such wormholes are, for instance, the recently constructed dilatonic Einstein-Gauss-Bonnet wormholes [62, 63] .
